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This paper considers the control of an active suspension system (ASS) for a quarter car model based on the
fusion of robust control and computational intelligence techniques. The objective of designing a controller
for the car suspension system is to improve the ride comfort while maintaining the constraints on to the
suspension travel and tire deformation subjected to different road profile. However, due to the mismatched
uncertainty in the mathematical model of the ASS, sliding mode control (SMC) cannot be applied directly
to control the system. Thus, the purpose of this work is to adapt the SMC technique for the control of ASS,
where particle swarm optimization (PSO) algorithm is utilized to design the sliding surface such that the
effect of the mismatched uncertainty can be minimized. The performance of the proposed sliding mode
controller based on the PSO algorithm is compared with the linear quadratic optimal control (LQR) and the
existing passive suspension system. In comparison with the other control methods, the simulation results
demonstrate the superiority of the proposed controller, where it significantly improved the ride comfort
67% and 25% more than the passive suspension system and the LQR controller, respectively.
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Kertas ini menjelaskan tentang kawalan dalam Sistem Suspensi Aktif (SSA) untuk model kereta suku
berdasarkan gabungan sistem kawalan mantap dan teknik pengiraan pintar. Objektif dalam merekabentuk
sistem kawalan dalam sistem suspensi kereta ini adalah untuk meningkatkan keselesaan perjalanan dan
dalam masa yang sama mengekalkan kekangan ke perjalanan penggantungan dan perubahan bentuk tayar
mengikut profil permukaan jalan. Walau bagaimanapun, disebabkan oleh ketakpastian tak terpadan dalam
model matematik SSA, Mod Kawalan Gelangsar (MKG) tidak boleh digunakan secara langsung untuk
mengawal sistem. Oleh itu, tujuan kajian ini adalah untuk mengaplikasikan teknik MKG bagi mengawal
SSA di mana Algoritma Pegoptimuman Zarah Kumpulan (APZK) digunakan untuk merekabentuk
permukaan gelangsar supaya kesan ketakpastian tak terpadan dapat dikurangkan. Prestasi mod gelongsor
pengawal yang dicadangkan berdasarkan algoritma APZK dibandingkan dengan Pengawal Lelurus
Kuadratik (PLK) dan sistem suspensi pasif yang sedia ada. Apabila dibandingkan dengan kaedah kawalan
yang lain, keputusan simulasi menunjukkan bahawa pengawal yang dicadangkan sangat efektif di mana
prestasi keselesaan pemanduan meningkat sebanyak 67% berbanding sistem suspensi pasif dan 25%
berbanding PLK.
Kata kunci: Sistem suspensi aktif; mod kawalan gelangsar; algoritma pegoptimuman zarah kumpulan;
ketakpastian tak terpadan
© 2014 Penerbit UTM Press. All rights reserved.

1.0 INTRODUCTION
A car suspension system is the mechanism that physically separates
the car body from the car wheels. A conventional passive car
suspension model is always a trade-off between the ride comfort and
road handling. However, an active suspension system (ASS) differs
from the conventional car suspensions in its ability to store, dissipate
and to introduce energy to the system. Figure 1 shows the schematic

view of the ASS, where the hydraulic actuator is installed in parallel
with the passive components. The main function of ASS is to
efficiently improve the control performance and the ride comfort for
passengers in a vehicle. Typically, a high-quality ASS can isolate
the car body from the vibration arising from road surface.
Furthermore, it ensures the contact between the wheels and road
surface for a better ride comfort and safety. The objective of
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designing an ASS is to manage the compromise between ride
comfort and handling performance.
The improvement of a vehicle active suspension control system
currently gains great interest in both academics and
automobile industrial researches. Many control strategies have been
recently proposed to manage the compromise between ride comfort
and road handling performance of an ASS. These include Fuzzy
logic control [1-3], propositional derivative (PD) control [4],
optimal state feedback control [5], robust control [6], and sliding
mode control [7]. An adaptive fuzzy control technique is presented
in [8] to improve the riding quality of ASS. Similarly, a fuzzy logic
controller is developed in [9] for four degrees of freedom non-linear
ASS. In addition, an adaptive nonlinear controller is designed in [10]
in order to reduce the model error of uncertain ASS. Some
researchers suggested including the dynamic of the actuator to
obtain an enhanced plant model and to improve overall system
performance [11]. For instance, a hybrid fuzzy H∞ controller is
developed in [3] for uncertain quarter car ASS with considering
actuator delay and failure.
Among the previous control techniques, the sliding mode
control (SMC) is an effective nonlinear control technique for
uncertain systems because it possesses many features, i.e., stability,
insensitivity to model uncertainty, external disturbance rejection and
good transient performance [12]. It has been widely applied to many
practical systems, such as ASS [13], robotics [14], electrical drive
[15] and Active Magnetic Bearing System [16]. Conventional SMC
techniques require that the system uncertainties satisfy the matching
conditions, so that the control input and the model uncertainty enter
the state equations of the system at the same points. Many
researchers have studied the SMC for a system with mismatched
uncertainties [16-19]. The SMC for ASS is developed in [18] where
the sliding vector is derived using LQR theory. A proportionalintegral SMC is presented in [19] for ASS where the sliding surface
is composed of two parts, the proportional and the integral parts. The
results showed the obtained improvement on the ride comfort and
road handling compared to the LQR method and the passive
suspension system.
Although the extensive research has been done on the SMC
theory and applications, but there are still some drawback with
SMC, i.e., the chattering phenomenon, and the effect of the
unmatched perturbation on the system during the sliding mode. The
SMC can be combined with other robust methods such as soft
computing techniques in order to reduce efficiently the effect of
mismatched perturbations [17]. The purpose of this work is to adapt
the SMC technique for the control of ASS where particle swarm
optimization (PSO) algorithm is utilized to design the sliding
surface such that the effect of the mismatched uncertainty can be
minimized. Different from that in the literature, the optimal values
of the switching vector of the SMC in this paper is optimized using
PSO algorithm, so that the reaching and sliding condition of the
SMC is guaranteed in the presence of the mismatched uncertainty.
The paper is outlined as follows: In section 2, the model of the
quarter car ASS is illustrated. Sections 3 and 4 give an overview of
the SMC technique and PSO algorithm respectively. Section 5
describes the controller design that guarantees the reaching and
sliding condition. Section 6 discusses how PSO algorithm is
incorporated to reduce the effect of the mismatched. The results of
the designed controller as compared to LQR and passive suspension
system are discussed in section 7. Finally, the conclusion is
presented in section 8.
2.0 QUARTER CAR MODEL
Based on the study [19], a quarter car suspension model is used in
this paper. The model is shown in Figure 1, and the parameters used

are tabulated in Table 1. The dynamic equations of the two-degreeof-freedom quarter car suspension system are of the following form.

ms zs.. = k s (zu − zs ) + bs (zu. − zs. ) + fa
mu zu.. = −k s (zu − zs ) − bs (zu. − zs. ) + k t (zr − zu ) − fa
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Figure 1 Quarter-car active suspension model

The motion equations of the quarter car model for the active
suspension are given by the following state space representation.
Table 1 The parameters of quarter car model
Parameter
𝑚𝑠
𝑚𝑢
𝑘𝑠
𝑘𝑡
𝑏𝑠
𝑍𝑠
𝑍𝑢
𝑍𝑟
fa

Description
sprung mass = 282 kg
unsprung mass = 45 kg
spring constant = 17900 N/m
spring constant of tire =165790 N/m
damper coefficient = 1500 N/(m/s)
displacement of vehicle chassis relative to plain ground
displacement of wheel relative to plain ground
uneven road surface relative to plain ground
output force provided by the servo-hydraulic cylinder.

0
1
0
−1
0
−𝑘𝑠 −𝑏𝑠
𝑏𝑠 𝑥1
1
𝑥1.
0
0
𝑥2.
𝑚𝑠 𝑚𝑠
𝑚𝑠 𝑥2
𝑚𝑠
0
[𝑥 . ] =
[ ]+
f + [ ] 𝑧𝑟. 
0
0
0
1 𝑥3
0 a
−1
3
−1
𝑘𝑠
𝑏𝑠 −𝑘𝑡 −𝑏𝑠 𝑥4
𝑥4.
0
[𝑚𝑢 ]
[ 𝑚𝑢 𝑚𝑢 𝑚𝑢 𝑚𝑢 ]

Where, fa is the control force from the hydraulic actuator and
assumed as the control input. In general Equation (3) can be written
in a compact form as:
x . (t) = Ax(t) + Bu(t) + f(x, t)
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Where x(t) ∈ Rn∗m is the state vector, u(t) ∈ Rm∗n is the control
input, and the continuous function f(x, t) represents the
uncertainties with the mismatched condition.
It can be seen from Equation (3) that the input fa is not in the range
space of the disturbance input zr. . By having this mismatched
condition, it impose a new challenging condition in control design
in which the control not only has to be able to ensure the tracking
performance, but it also should incorporate the mismatched
disturbance removal to achieve high tracking accuracy. Thus, in
order to simplify the analysis, the following assumptions are made:
Assumption 1. There exists an β > 0 such that ‖f(x, t)‖ ≤ β,
where ‖∗‖ represented the standard Euclidian norm.
Assumption 2. The pair (A, B) is controllable and the input matrix
B has a full rank.
3.0 SLIDING MODE CONTROL (SMC)
As a class of variable structure controller, the SMC was first
proposed in 1950’s in Russia by Emelyanov and other researchers
at the Institute of Control Problems (IPU). This robust control
technique had become popular after it was published by Itkis [20]
and Utkin[21]. SMC is a nonlinear control technique which it has
many attractive features such as its robustness to model uncertainty
that satisfy the matching condition. The design of SMC controller
involves two crucial steps which are commonly referred to as the
reaching phase and the sliding phase [16]. SMC strategy is used to
force the system state to reach and subsequently remains on a
predefined surface within the state space. In order to achieve these
strategies, the design procedure of the SMC scheme is broken into
two main phases:
(1) The sliding surface is designed in the state space such
that the sliding motion of the reduced order system
satisfies the specified performance.
(2) The control law synthesis so that the motion trajectories
of the closed loop system are directed toward the sliding
surface.

Boundary Layer
Reaching
Phase

σ (t) =

0

Sliding
Phase
Figure 2 SMC scheme

The conventional sliding surface σ(t) is defined as:
σ(t) = C x(t)

Where C ∈ Rm∗n is a full rank constant matrix, m is the
number of input and n is the number of system states. The matrix C
is chosen such that CB ∈ Rm∗n is nonsingular. The main

contribution of this paper is to adapt the conventional SMC for
control of a system with mismatched uncertainty. By having this
mismatched condition, the switching vector of the sliding surface
should be carefully selected so that the effect of the mismatched
uncertainty can be minimized [22]. The SMC can be combined with
other robust techniques such as PSO algorithm in the design of the
sliding surface, as described later, to overcome the limitation of
conventional SMC against mismatched uncertainty.
4.0
PARTICLE
ALGORITHM

SWARM

OPTIMIZATION

(PSO)

PSO algorithm is a population based optimization method that was
originally developed by Kennedy and Eberhart in 1995 [23] . PSO
algorithm is initialized with a population of random individuals
(particles) represent the possible solutions. Then, PSO searches in
these particles for optimal solution. The position and the velocity of
each particle are updated in each iteration according to its previous
best position. Each individual particle has a current position x𝑖 ,
velocity v𝑖 , and personal best position (x𝑖dpbest ). The position
amongst all the particles’ personal best positions that yielded the
smallest error is called the global best position (x𝑖dgbest ). The
particle’s velocity is updated during each iteration and the new
velocity is added to the particle’s current position to determine it is
new position.
The velocity and the position of each particle are updated
according to the following equations [24]:
m−t

w(t) = wmin + ( wmax − wmin (
))
m−1
v𝑖d (t) = w(t)v𝑖d (t − 1) + 2α(x𝑖dpbest (t − 1) − x𝑖d (t − 1) +
2α (x𝑖dgbest (t − 1) − x𝑖d (t − 1))
x𝑖d (t) = v𝑖d (t) + x𝑖d (t − 1)




Where, w min and w max are the maximum and minimum values
of the inertia weight w, v i d (t) is the velocity of the particle 𝑖 at
iteration t, x i d (t) is the current position of particle 𝑖 at iteration t, m
is the maximum number of iterations, 𝑖 is the number of the
particles that goes from 1 to n, d is the dimension of the variables,
and α is a uniformly distributed random number in (0,1).
The described PSO algorithm is utilized to design the sliding
surface in such a way that the effect of mismatched uncertainty can
be minimized. Therefore, the reaching and sliding condition of the
SMC is guaranteed in the presence of the mismatched uncertainty.
Then, the SMC based PSO algorithm is applied to an ASS to reject
the effect of road disturbances, where the fitness function is given
as Equation (17). The dimension of each particle is equal to the
number of the system state. This will result in a total of 4 parameters
to be optimized using the proposed PSO based approach.
5.0 CONTROLLER DESIGN
The controller utilized a SMC based PSO algorithm scheme to reject
the effect of road disturbances. The flowchart of Figure 3 describes
the steps used in designing the proposed controller. The inputs of
the controller are wheel velocity and the vehicle body velocity,
whereas the output of the controller is the target force that must be
exerted by the hydraulic actuator.
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Therefore, the proposed sliding mode controller given as follows:

Start

Non-linear dynamic Modeling of an ASS

u(t) = ueq (t) + us (t)



u(t) = − (CB)−1 [CAx(t) + Cf(x, t) + ρ



σ(t)
‖σ(t)‖+ δ

]

The optimal value for the matrixes C in Equation (8) to Equation
(15) is chosen by PSO, where the fitness function is given by
Equation (17). The state trajectories that are driven by the above
controller will slide on the design sliding surface if the reaching
condition σ(t)σ. (t) < 0 is satisfied [19].

Sliding surface and control low design

The stability and the reaching conditions
of the system in the sliding mode

σ(t)σ. (t) = σ(t) [−ρ

σ(t)
]<0
‖σ(t)‖ + δ



Equation (16) shows that the hitting condition of the sliding surface
Equation (10) is satisfied if ρ > 0.

The fitness function Eq. (17)

6.0 SMC DESIGN BASED ON PSO
PSO algorithm to obtain the optimal
values of the switching vector

PSO algorithm is proposed to search for the optimal values of the
switching vector (matrix C). The car body acceleration is
considered as fitness function. The objective of the optimization is
to minimize the fitness function performance index as:

The proposed particle swarm sliding
mode controller

T



J = ∫0 y̅ (t)2 d(t)

Where, 𝑦̅ (t) is the acceleration of the car body and T is the
integral period time.
The active suspension model described in section 2 has four
state variables and one control input. The flowchart of Figure 4
describes the implementation of PSO algorithm for the optimal
selection of the switching vector.

End

Figure 3 The steps used in designing the proposed controller

The SMC surface of a quarter car ASS is defined as follows:
σ(t) = Cx(t)



The control input of the SMC can be written as



𝑢(𝑡) = ueq (t) + 𝑢𝑠 (t)
Where us (t) is the nonlinear switching part of the controller that
used to direct the system state toward the sliding surface and ueq (t)
is the equivalent controller which obtains by letting σ. (t) = 0 [19].
σ. (t) = Cx . (t) = 0

Start

Initialize the switching vector with
random values

Evaluate the fitness function of each
particle’s position Eq. (17)



Calculate the local best of each particle
and the global best of population



Update the velocity Eq. (6), position Eq.
(7), local best and global best of
particles

If the matrix C is chosen such that CB is nonsingular, this yields:
ueq (t) = − (CB)−1 (CAx(t) + Cf(x, t))

Substituting Equation (11) into system Equation (4) gives the
equivalent dynamic of the system in the sliding mode as:
x . (t) = (A − B(CB)−1 CA)x(t) + {In − B(CB)−1 C}f(x, t)



No

Maximum
iteration

The switching controller us (t) is selected as follow [19]:
us (t) = (CB)−1 ρ

σ(t)

‖σ(t)‖+ δ

Yes



Where δ is the boundary layer thickness that is selected to reduce
the chattering problem and ρ > 0 is a selected parameter that
specified by the designer.

Optimal values of switching vector

End

Figure 4 SMC design based on PSO algorithm
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(xu − xr ) ≤

The switching vector of the proposed sliding mode controller will
be represented by:

3.
4.



CT = [C11 C12 C13 C14 ]

7.0 RESULT AND DISCUSSION
This section discusses the simulation results of the proposed particle
swarm SMC for the mathematical model of the system as defined in
Equation (3). The proposed sliding mode controller in Equation (15)
and the mathematical model of the system as defined in Equation
(3) are simulated in MATLAB-SIMULINK. The parameters of the
quarter car suspension model selected for this study are listed in
Table 2.

Using Matlab the poles and state feedback gains for the LQR
controller are as follows:

Value
282 kg

−17.3362 + 59.8921i
Poles = [−17.3362 − 59.8921i]
−7.7912 + 0.9783i
−7.7912 − 0.9783i
K lqr = [448 3300 −14963 5]

The optimal values of the switching surface C of the
proposed particle swarm SMC is given as follow:

17900 N/m

ks
bs
kt
mu

= 1.9 cm [26].

0.8285 0
0
0
0
1
0
0
Q=[
] ∗ 105
0
0 0.01
0
0
0
0
0.01
R = 51 ∗ 10−4 

Table 2 Parameters value used in a quarter car suspension system

ms

kt

Spool valve displacement limits ± 1cm
Force limits (1000N) [25].

The performance of the particle swarm SMC is compared with
the LQR controller and the existing passive suspension system. The
values of Q and R for the LQR controller are obtained by the
proposed PSO algorithm. The number of particle in each swarm is
set to 20 and the maximum number of iteration is set to 70. The PSO
search process should be terminated when there is no improvement
in the value of the fitness function for a particular number of
iterations or the maximum number of iterations is reached.

This will result in a total of 4 parameters to be optimized using the
proposed PSO based approach.

Parameter

9.8∗(ms +mu )

1500 N/(m/s)
165790 N/m
45 kg

C = [15.3119 4.4 −1.4596 0.0215]

These values of C are obtained by the proposed PSO algorithm with
maintaining the constraints of the suspension system. The number
of particle in each swarm is set to 10 and the maximum number of
iteration is set to 15. The boundary layer thickness 𝛿 and the sliding
gain 𝜌 are set as following:

The road disturbance zr used in this simulation is represented
by a bump as shown in Figure 5.
0.025(1 − cos 8πt),
0.5 sec ≤ t ≤ 0.75 sec
zr = {
0,
otherwise

𝛿 = 200
𝜌 = 300

0.05

Height (m)

0.04

The sliding surface obtained from the simulation is shown in
Figure 6. The simulation result shows that the trajectories of the
system state at t=2.4 seconds it starts to hit the surface and remains
on the surface. Therefore, the reaching and hitting conditions of the
sliding surface is observed.
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Time (s)
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1

The simulation was performed for a period of 3 second with a
variable step size using ode45 (Dormand-Prince) solver. There are
two parameters to be observed in this study namely, the car body
acceleration and the wheel deflection. The main objective is to
minimize the car body acceleration for ride comfort by maintaining
the following constrains:
1.
2.

Suspension travel limit is ± 8 cm [25].
Maximum tire deflection

Sliding surface

0.08

Figure 5 A single bump road disturbance
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0
-0.02
-0.04
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Time (s)
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Figure 6 Sliding surface of SMC
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The convergence of the fitness function of the proposed PSO
algorithm for both SMC and LQR controllers are shown in Figure
7. It can be observed that the convergence of the fitness function of
the proposed SMC is much faster than LQR. Moreover, the fitness
value of the proposed SMC converges to zero with less iterations
compared with LQR controller.

Wheel displacement (m)

0.06

3.5
LQR
SMC
3

SMC
LQR
Passive

0.05
0.04
0.03
0.02
0.01
0

Fitness Value
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-0.01
0

2

0.5

1

1.5
Time (s)

2

2.5

3

1.5

Figure 11 Wheel displacement
1
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LQR
0
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Control force (N)

Iteration

Figure 7 Convergence of the fitness function for SMC and LQR
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6
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Figure 12 Control force
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Table 3 Comparison of maximum peak value and settling time for bump
response
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Figure 8 Unsprung mass acceleration
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0
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0
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2

2.5

0.04
SMC
LQR
Passive
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0
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0
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Figure 10 Suspension travel

2

2.5

Controller
type

Passive controller

LQR-based
PSO

SMC-based
PSO

System
response

Peak
value

Ts

Peak
value

Ts

Peak
value

Ts

Car body
acceleration

4.67

2.1

3.6

1.2

2.9

1.1

Suspension
travel

0.0374

2.5

0.0437

1.3

0.0467

1.4

Wheel
displacement

0.0532

1.5

0.0561

0.81

0.0567

0.82

Control force

0

0

676

1.32

917.46

1.4

3

Figure 9 Unsprung mass displacements

Suspension travel (m)

0

3

Figures 8-12 show, respectively, the responses of the unsprung
mass acceleration, unsprung mass displacements, suspension travel,
wheel displacement, and control force. To cleary show the results,
the maximum peak values and the settling times (Ts) for unsprung
mass acceleration, suspension travel ,wheel displacement, and
control force are listed in Table 3. From Table 3, it can be seen that
the unsprung mass acceleration and displacement are reduced in the
two cases (SMC based PSO and LQR) compared to the passive
suspension system. Furthermore, the designed SMC based PSO
provides a significant improvement in ride comfort compared to
LQR controller. As Figure 8 shows, the peak value of body
acceleration which is a measure of ride quality is reduced from 3.6
m/s2 in the case of LQR controller into 2.9 m/s2 using the designed
SMC based PSO algorithm. The car body displacement is shown in
Figure 9. It can be observed that the car displacement is much
reduced in ASS (SMC based PSO and LQR) compared to the
passive suspension system. In addition, the car displacement using
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the proposed SMC based PSO is smoothly changed which provides
a better ride comfort. Using the designed SMC based PSO
algorithm, the ride comfort can be improved by 67% and 25% over
the passive suspension system and the LQR controller respectively.
Figures10 and 11 show the performance of suspension travel
and wheel displacement, respectively. There is a small increment in
the suspension travel and wheel displacement in the two cases (SMC
based PSO and LQR) compared to the passive suspension system,
but they are still in their limits (suspension travel limit and tire
displacement limit). Therefore, the constraints of suspension travel
limit as well as maximum tire deflection are guaranteed. Similarly,
as shown in Figure 12 the control force does not exceed the limit of
the hydraulic actuator (1000 N) in the two cases. The vibrations of
unsprung mass, suspension system, and wheel displacement are
settled faster by the ASS.

[6]

8.0 CONCLUSION

[13]

This paper proposed a particle swarm SMC for a system with
mismatched disturbance and it has been applied to a quarter car
ASS. The PSO algorithm is adopted to search for the optimal value
of the sliding surface by using the body acceleration as a fitness
function, so that the reaching and sliding condition of the SMC is
guaranteed. The particle swarm SMC is compared with the LQR
controller and the existing passive suspension system and it has
shown better performance. The results show that the proposed
controller improves the ride comfort by maintaining the other
constrains (the suspension travel, tire deflection, and control force)
in their limits. As future work, the SMC with PSO algorithm can be
applied to the suspension system with considering sensor and
actuator fault, as this area is becoming more important in parallel
with sophistication of suspension technology.
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